A closed-form series solution formula for the problem of optimal portfolio diversification under dynamic (possibly, long-term-memory) appreciation rate uncertainty, for an investor with HARA utility, is discovered. To that end a calculus of variations method, recently introduced by the author, was extended. The usefulness of the obtained result is examined by means of solving a few guiding examples.To that end we also introduce the notion of T -truncated fractional Brownian motion, and study its series expansions.
Statement of the Problem
The optimal portfolio theory provides a beautiful mathematical framework for diversification of assets in the security markets. Following R. C. Merton, usually this is done under the strong assumption of Log-Normality for the asset price dynamics. More recently, Merton's theory was extended to the assets under general (continuous) Markovian, non-Log-Normal price dynamics, via powerful interplay between symbolic and numerical methods (see [14] and [15] ). Unfortunately, as it is very well known, it is a statistical reality, that although volatility can be estimated very precisely from the historical data (predicting future, i.e., implied volatility is yet another issue-see e.g., [14] ), this is not the case for the appreciation rates.
Since, in a fair market, it is not possible to know appreciation rates with a high degree of confidence, the second best, i.e., the best legally available possibility is to incorporate the "knowledge about the lack of knowledge" into the portfolio decision-making methodology. The portfolio optimization under appreciation rate indeterminacy was considered in the works of several authors (see [1] , [2] , [7] , [11] , [12] , [13] , [17] ). In [14] the author has introduced an elementary method, reminiscent of calculus of variations (see below). The present paper is based on the observation that the author's method can be further extended to solve the optimal portfolio diversification problem for assets with much more general price-dynamics-appreciation-rate uncertainty. In particular our optimal portfolio formula is applicable for appreciation rate uncertainty models that exhibit long-range dependence (see [16] ). The result obtained here is a substantial generalization of the classical Merton's formula. Although the formula obtained here may at first appear a bit complicated, it seems to be quite practical (with a help of symbolic calculations, nowadays widely available). We attempt to demonstrate the last assertion, as well as the relevance of the whole concept introduced here, by means of solving a few examples.
Consider a stock-market with m securities considered for continuous trading during the time interval 
., S m
H tL< obey SDE system (two vectors are divided component-wise; the "dot", i.e., ". " product denotes the usual matrix-vector, or matrix-matrix, or vector-vector product, i.e., the usual Inner product; " " is the product of two scalars, or of a scalar and an array, or even of two arrays of same dimension in which case this is done component-wise): We notice that some of the very popular and important stochastic processes can be written in the form ⁄ ioe a i g i H tL (most often with infinite , in which case they are successfully approximated by finite sums). A long Section 3 of this paper is devoted to this observation and its consequences. Here we briefly mention that the standard Brownian motion (as an unobservable appreciation rate process of the form ⁄ ioe a i g i H tL; see (3.1) below) is studied in Section 3.1, the ("truncated") fractional Brownian motion of any Hurt parameter (see (3.29) .s T is known by the investor-as it is well known (see, e.g., [14] ), statistical estimates for s .s
T are easy and very efficient, so this assumption is acceptable.
We pause to fix some more notations. Since a is a two-dimensional array (a matrix), it will be convenient to consider to be a (symmetric) 4-dimensional array, or a two-dimensional array of two-dimensional arrays, or matrix of covariance matrices R i, j 
Now, let X = XHtL denote the total investor's wealth available for investing. It represents the sum of all cash values of investments into particular securities, plus the value of the cash account. Due to the randomness of the securities prices, X H tL is a random process, whose dynamics is going to be recalled shortly.
In the above market the investor is trading according to the (self-financing) portfolio rule, i.e., trading strategy,
XL< is the vector whose components are the cash value of the investments in particular securities, and where PHtL
tL< is the vector whose components are the investments-per-unit-wealth in particular securities. So, we do not prove, but rather we assume that the optimal portfolio rule is linear in wealth X -this is a very reasonable assumption considering the class of utility functions (HARA) that are considered in this paper (see comments below). In particular, this assumption implies that investments-per-unit-wealth PHtL are deterministic. We notice however that corresponding portfolio strategies 
s,TL , then we can either approximate r by it's orthogonal projection Proj r, or enrich so that r oe , latter being much better choice (see Section 3.1.2). Then, although non-trivial, but very well known, due to the "self-financing principle," the investor's wealth X H tL obeys the SDE
(see, e.g., [14] for details), and using (1.1), furthermore
PHtL.s." BHtL
where we use the notation X P H tL to denote the wealth stochastic process generated by a particular trading strategy P, and where, by definition, a i
Following R. C. Merton, the problem we are going to solve in this paper is: For a given risk aversion g > 0, find, if possible (this is always going to be possible for example if
g ∫ 1, and if
0 is the class of HARA utility functions. We emphasize that from the practical point of view, among HARA utility functions, only those with g > 1 are interesting, since otherwise, unrealistically aggressive trading rules are concluded. The complete solution of this problem is going to be given by our optimal portfolio series formula (2.18).
In particular, formula (2.18) shows that the optimal portfolio rule P s, T ioe . What would be a financial interpretation of this property? This seems easiest to understand if is a singleton: the term-structure of the optimal portfolio is completely determined by the term-structure of the appreciation and interest rates.
The case when = 8 1< was solved by the author in [14] . In such a case
, and the optimal portfolio formula reads as
It is worthwhile noticing an important property of the optimal portfolio rules of the type discussed here (or lack of), transparent already in (1.7). Namely, ( 1< , a very much related problem was solved, somewhat later then in [14] , independently, by a different method, in [3] as well. Notice that we do not consider the issue of updating the inference about the unknown market parameters from the market evolution, and the issue of incorporating this new information into the trading strategy (as it was done in, e.g., [3] ; they also allow more general portfolio rules, proving that in their case, linear in X portfolio rules
If
PHtL X are sufficient to consider; also see [3] for the information about the history of the considered problem). So, our model appears to be applicable for a (long-term) semi-active kind of investing, when a time-dependent strategy is decided in advance, based on the long-term view of the market, and it's dynamic indeterminacy, and portfolio hedging is used only to maintain it-one does not attempt to adapt the perception, i.e., to reduce the indeterminacy about the market, as time goes by.
Many of the computations in this paper were done on Mathematica ® computer platform. The author wishes to thank Wlodek Bryc and Michael Trott for useful discussions. The author also wishes to thank very much to an anonymous referee for a very elaborate report. , from the practical point of view it does not make almost any difference if, instead, their finite dimensional approximations are employed. This observation justifies our solution, to be presented next, of the finite-dimensional optimal portfolio problem.
Let us prepare some more notations. Let 
More importantly (but not obviously) matrix Q also emerges in the main result of this paper-the optimal portfolio series formula (2.18).
As usually, the case g = 1, i.e., the case of the log-utility, is almost trivial. Indeed, using (1.5)
The last expression is maximized, obviously, by
-the uncertainty about appreciation rate does not affect the optimal strategy, i.e., one works with À H tL as if it were AHtL, which is a relatively well known general property of the log-utility.
2.2
g π
1: Derivation of the Optimal Portfolio Series Formula
The case g ∫ 
, with r i 's being (deterministic) constants.
The first step in the derivation of the optimal portfolio series formula (2.18) is to find, for any (deterministic) investments-per-unit-wealth strategy PHtL, an explicit expression for the functional
. This is going to be achieved in (2.5)-(2.6) below. To that end, from (1.5), by means of the Itô chain rule, 
So, for any fixed , the function gHtL
which has the unique solution
. Distinguishing cases g < 1 and g > 1, we conclude that in either case, in order to maximize @ PD, we need to maximize J@PD. So, the second step in the derivation of the optimal portfolio series formula is to solve, or more precisely, to derive necessary conditions of optimality for the "optimal portfolio calculus of variations problem:" Find P ø :
Since the variational functional J is quadratic in P :
, the optimal portfolio calculus of variations problem can be solved by looking for a critical point, i.e., for the function P ø :
-gradient of J . So, this "second step" really consists in rewriting equation (2.7) into it's explicit form, i.e., in deriving the "Euler equation" (2.8). We also mention that the solvability of (2.7), and therefore of the optimal portfolio problem, will depend on the interplay between s .s T and the rest of the data, and that when g < 1, the solvability of (2.7) usually fails. In order to solve (2.7), we need to compute the gradient " P J@PD. To that end, as it is usually done in the calculus of variations, we compute the directional derivative of the functional J :
for any m-vector-valued function QHtL, thereby identifying " P J@PD. Therefore, the abstract equation 
, for some constant vectors P 1 , P 2 and P 3 . This in itself seems to be an interesting and quite plausible result: the time dependence, i.e., the term-structure of the optimal portfolio is closely related to the term-structure of the data, in a sense that it belongs to the function subspace spanned by the same basis functions
(see figures in the example in Section 3.3.3 below). Next, we need to identify the P i 's.
Recall the notation q i, j
and furthermore, due to the linear independence of , (2.9) implies (2.10)
The last step in the solution of the optimal portfolio problem under dynamic appreciation rate uncertainty is the observation that the equations (2.10)-(2.12) have an interesting algebraic structure, which will allow us to write down the solution formula reminiscent of the famous Merton's optimal portfolio formula. This is going to be achieved in (2.18)-(2.19) below. To that end, let "scalar" or "diamond" multiplication ù of two matrices be defined as (the first matrix is handled as a scalar, second as a matrix) (2.
Let n be an identity matrix in dimension n. Let the "matrix" or "small circle" multiplication ë of a 4-dimensional array and of a matrix Q be defined as the usual matrix multiplication ignoring that R i, j are matrices, i.e., for example, if i = 2, as (2.14) QD.
We conclude that the optimal portfolio rule is equal to
where (2.17)
or, more generally, the Optimal Portfolio Series Formula reads as:
where,
(2.18) is reminiscent of (1.7), as it should be. Notice that since .s
The solvability of the optimal portfolio problem is then recast into the issue of invertibility of matrix 
Orthogonal & Independent Case
We notice however that, although the independence condition is fulfilled in some of the examples (see Sections 3.1 and 3.2), none of the examples to be discussed below fulfils the orthogonality condition, and therefore the importance of (2.24) remains dubious. 
where a k~N 
that can be approximated with a basis T, M :
while the process WHtL can be approximated with a process
Optimal Trading Strategy
Now consider a market, in which only one security is traded continuously during the time interval H 0, TL, and whose price SHtL 
REMARK 1.
We have assumed above (and for the most parts below) that the period over which series expansion for the appreciation rate process is sought (say T 0 ) is the same as the period over which the portfolio optimization is performed (say T ; so we have assumed T = T 0 ). Although this seems to be quite natural above, it may be quite unnatural below, when we consider some truncated fractional Brownian motions, and where the period of truncation (T 0 ) does not have anything to do with the period of portfolio optimization (T ). Nevertheless, everything can be easily extended to the general case T § T 0 (this condition is necessary since, obviously, appreciation rate process has to be defined for the whole period of portfolio optimization). To illustrate this point, in the above example, if T < T 0 , for example (3.7) is modified into
T 0 , then above formula reduces to (3.7).
T -truncated Fractional Brownian Motion as an Appreciation Rate Process

T -truncated Fractional Brownian Motion and Approximate T -truncated Fractional Brownian Motions: Series Representations The standard Brownian motion
We can approximate process WHtL with
Also, differentiating formally (3.12) with respect to time, we derive the white noise (3.14) W°HtL
T, TL, in the sense of distributions (i.e., as a right-hand-side for various differential equations-see below), where a 0 , a 1,k , a 2,k~N H 0, 1L for k ¥ 0, are all independent. Also, we can approximate the white noise (or differentiate (3.13))
, is a Gaussian process with the representation (due to Mandelbrot and Van Ness, see [8] , [16] ): 
So, instead of infinitely long memory, the memory is truncated to t
¥ -
T . Since T can be any positive number, the practical appeal of W H,T compared to that of W H should not be any lesser. Then, using (3.14), we get
Now notice that, since we work in finite intervals
where, by definition,
So we compute
as well as (3.23) 
Furthermore, it is easy to compute 
where a 0 , a 1,k , a 2,k~N 
Optimal Trading Strategy
We modify the example discussed in Section 3.1.2. We consider a market in which one security is traded continuously during the time interval 
General Linear SDE Systems Let
